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Abstract
Let 〓 be the full homeomorphism group (with the compact-open topology) of a
finite-dimensional connected locally compact nontrivial topological group. Then we can
actually construct in 〓 a closed subgroup intersecting each coset of the automorphism
group at most one point. The subgroup is homeomorphic to the infinite-dimensional
separable Hilbert space but is not complete with respect to the uniformity of compact
convergence defined by the right uniformity of the base group. The similar results
hold for the full homeomorphism group of a Hausdorff space that is locally Euclidean
around at least one point.
Introduction
Let X be a metric space, and x the full homeomorphism group of X with the
compacトopen topology. The main root to prevent us from free use of the theory of
topological transformation groups for冴クis the existence of a subspace that is infinite-
-dimensional and not locally compact. J. Keesling 〔6, Th. III.2, p.6〕 has shown the
existence of Hilbert factors of冴クfor a metric space X which admits a nontrivial
flow. The purpose of the present paper is to construct actually in gff a closed subgroup
which is homeomorphic to the infinite-dimensional separable Hilbert space 」2, mainly
in the case where the base space X is a topological group.
In §1, a subgroup of the above character is constructed for a Hausdorff space X
at least one point o土which has an open neighborhood homeomorphic to an open subset
of a Euclidean halトspace (Theorem 1.5).
In § 2, basic properties of several important subgroups of the full homeomorphism
group `%f of a topological group G are treated. Let Lがbe the automorphism group of
G, and <? the group of homeomorphisms which leave the identity element o土G fixed.
Then the investigation of topologies of x is mainly reduced to that of crossing sets of
cosets of j^ in ^.
In §3, in the case where G is a finite-dimensional connected locally compact
nontrivial topological group, we construct in j%f a closed subgroup homeomorphic to h
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and crossing cosets of ~/ in g/ (Theorem 3.3). 
Throughout the paper , the topology used for 
-open topology, and topological groups are To 
regular . 
any mapping family is the 
topological groups and so 
compact-
completely 
S I . Hilbert subgroups of the full homeomorphism group of a topological space . 
We prepare three lemmas whose proofs are straightforward . 
LEMMA I . I . Let B b~ the closed unit ball (or half-ball) centered at origin o in 
Cartesian n-space, with a radius I, and ~P+(1) the group of all orientation preserving 
homeomorphisms of I onto itself. For each fe~p+(1) , Iet u be the mapping of B onto 
itself defined as follows : 
u(x)=(f( llx ll )/ Il xll )x l:f xe:B-o, and u(o)=0. 
Let ~~. be the set of all mappings u associated with f e~p+(1) as above, and let o) be the 
associating mapping. Then ~~ with the compact-open topology is a topological trans-
formation group of B each element of which leaves the origin and every boundary point 
of B fixed, and is isomorphic to ~~'(1) as topological groups by the mapping (o. 
DEFINITION I . 2 . A topological space X has the property (P) if the full homeomor-
phism group of X becomes a topological transformation group acting on X under the 
compact-open topology. 
For example , the following spaces have the property (P) : i) compact uniform 
spaces (C3), the remark after Th.1, p.663) , and ii) Iocally connected, Iocally compact 
Hausdorff spaces (C2), Th.4, p.598). 
LEMMA I . 3 . Let X be a topological space , A its closed subset having the property 
(P), and ~~ a group of homeomorphisms of A onto itself each of which keeps every 
boundary point of A fixed. For each f e~~, Iet f* be the mapping of X onto itself as 
follows : 
f*(x)=f(x) if xeA and f*(x)=x if xeEX-A. 
Let ~~* be the set of all f* associated with f e~~ as above, and let a) be the associating 
mapping. Then ~~ and ~~* with compact-open topologies are topological transformation 
groups of A and X respectively, and isomorphic as topological groups by the mapping a). 
LEMMA I . 4. Let X and Y be two topological spaces, and X' and Y/ be subspaces 
of X and Y respectively. Let ~(X ; Y) be the family of all continuous mappings of X 
into Y, with compact-open topology, and let ~(X/ : Y) and ~(X' ; Y/) denote the 
families defined as well. Then 
i) the mapping f-f IX' of ~f(X ; Y) into ~~(X/ ; Y) is continuous, and 
ii) tf ~ denotes the family of all continuous mappings of X into Y which map Xf 
into Y/ then the mapping f-f I X/ of ~ into ~(X/ ; Y/) is continuous. 
THEOREM I . 5. Let X be a Hausdorff space at least one point p of which has an 
open neighborhood V homeomorphic to an open subset of a Euclidean half-space , and ~P 
be the full homeomorphism group of X with the compact-open topology . Then ~ has 
a closed subgroup ~ that is a topological group isomorphic to the group ~~+(1) of all 
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orientation preserving homeomorphisms of the closed interval CO , 1). Thus ~ is homeomor-
phic to the infinite-dimensional separable Hilbert space . 
PROOF. For simplicity suppose that the neighborhood V is homeomorphic to an 
the case where the image of the point p is a open subset of a Euclidean space R" 
boundary point of a Euclidean half-space can be treated as well. Let B* be the closed 
unit ball centered at origin in R", with a radius F . There is a homeomorphism of B* 
into V mapping the origin to the point p. Let B and I be the image of B* and I* 
respectively by the homeomorphism. Hereafter , for simplicity, we consider B is iden-
tical with ~* and I~ with the closed unit interval C0,1). As in Lemma I . I we can 
construct a homeomorphism group ~~ of B which is isomorphic to ~~'(1) and leave the 
point p and every boundary point of B fixed . Associate each u e ~~ with the following 
mapping v of X onto itself 
v(x)=u(x) if xeB, and v(x)=x if xe: X-B. 
Let ~ be the set of all v associated with u e ~~ . Then ~ is a topological transformation 
group of X, isomorphic to ~p+(1) by Lemmas 1.1 and I .3. 
Next we show that ~ is closed in ~~. Let 7r be the mapping x- 11 x ll of B onto 
I. Suppose that a net (v, ; AeA) in ~ converges to a we~p, and each VA is defined 
by f,e~p+(1) and ule:~~ successively. Then 
f;7r=7Tu, on B, and v, j B=u,. 
Since v, converges to w in the space ~p(X ; X) of all continuous mappings of X into 
(1) itself also , . 
we have by i) of Lemma I .4, 
ul, i.e. vi i B converges to w J B in ~(B ; X). 
Since u,(B) =B and B is closed, we have (w I B)(B) CB, so that by ii) of Lemma I .4, 
(2) ul converges to w I B in ~(B ; B). 
Hence forc, i.e. 7ru; convesges to ~w I B in ~(1~ ; B), 
and fA, i.e. filT I I converges to ~W I I in ~p(1; B). 
Since ft(1)=1 and I is closed, we have 
(7lw I I)( I )cl. 
so that by ii) of Lemma I .4, 
f, converges to ?TW I I in ~P(1 ; I) . (3) 
Define the mapping f* of I into itself as follows 
f * (x) = ?Tw(x) (x el) 
Then it is easy to see that the mapping f* is an orientation preserving homeomorphism 
of I onto itself. Starting from f*e~p'(1) , define u* and v* as well as the construction 
of v. Then by (1), (2) , and (3), we have 
u*=w i B, and so v*=w. 
Therefore w is an element of ~ . 
It is reported R. D. Anderson C1) has proved that ~p'(1) is homeomorphic to the 
infinite-dimensional separable Hilbert space , an easy proof of which is found in a 
paper of J. Keesling C6, Th. 111. 1, p. 5). 
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COROLLARY 1.6. Let X, ~P, and ~ be as in Theorem 1.5. Then both ~P and ~ 
are not locally compact, not closed in the space ~(X) of all continuous mappings of 
X into itself, and not complete with respect to the umformity of compact convergence if 
X is a untform space moreover. 
PROOF. There exists a net (f;)0<~<1 m ~P+(1) which converges in ~p(1) to a 
continuous but non-homeomorphic mapping fo of I onto itself as A-O (see Example I . 7 
below) . Starting from the mapping fF (O~/1<1), we can define continuous mappings 
up and vp in the same way as in the proof of Theorem I . 5. Then (v,)0<i<1 rs a net 
in ~, which converges to voe~(X)-~P. Hence ~ is not closed in ~p(X), and so 
does ~p . Thus both ~p and ~ are not complete with respect to the uniformity of 
compact convergence . On the other hand from the fact that ~ is a closed subgroup of 
~p which is homeomorphic to the Hilbert space ~2, we see that ~ is not locally 
compact, and so ~p is not locally compact. 
EAXMPLE 1.7. Let I be the closed interval C0,1). For each ~el, define the 
continuous mapping ft of I onto itself as follows 
fi(t)= 2Rt if O~t~ 1/2 { (1-1)(2t-1)+A if 1/2<t~ 1
Then ft e~~+(1) if 0<A<1, and fo, fte:~(1)-~(1), where ~~'(1) is the full home-
omorphism group of I. Under the topology of simple-, compact- , and uniform-conver-
gence, fi converges to fo (resp. ft) if A - O (resp. X-1). 
S 2 Subgroups of the full homeomorphism group of a topological group . 
Let G be a To topological group . We use the following notations. 
~P : The group of all homeomorphisms of G onto itsef. 
y : The group of all bicontinuous automorphisms of G. 
f : The group of all inner automorphisms of G. 
~ : The group of all right translations of G. 
~P : The group of all left translations of G . 
g : The group of all homeomorphisms of G onto itself, which leave the identity 
element e of G fixed, i.e. the isotropy group at e. 
f : The normalizer of ~ in ~p . 
f / : The normalizer of ~p in ~p . 
e : The identity mapping of G onto itself. 
In this section we summerize the fundamental properties and relations of these 
groups, some of them are well-known. 
Relations of inclusion. 
1) ~ng={8}. 1)/ ~png={8}. 
2) J~:~vn~=~. 2)! ~~~vng=~f. 
3) ~~=~:~r=~:~. 3)! ~=~;~~=~:L~F. 
4) Jr=~:!V=~:~. 4)' j f=2~~=J~:~p. 
5) ~~p=~~~=J~:f=f~=~:f=f~p. 
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6) ~lLof=~:V-
7) ~:~Pn~=f. 
PROOF. Both 1) and 2) are evident. For 3) , note that any ue~~ can be wrrtten 
in the form 
u =r~(e) o (r~(e)~1 o u) = (u o r~(*)) o rv(*)~1 
where r*(.) is the right translation of G by u(e) and v=u~1 For 4) Iet Jr* be the 
normalizer of ~ in the group of all permutations of G and let ~f * be the group of all 
(algebraic) automorphisms of G. Then note that f*=~/*~ (cf. , e.g. , A. G. Kurosch 
C7), p. 92), and so f=~f*~n~pcJ~:~. Relations 1)'-4)/ are dual to 1)-4). 
Relations 5) , 6) , and 7) are proved directly. 
To be a normal subgroup . By definition both ~ and ~p are normal subgroups of 
jr , and so normal subgroups of ~~P also. ~n~P is a normal subgroup of ~r , and so 
~n~p is a normal subgroup of ~ , ~P , and ~:~p respectively. Clearly ~:~p is a normal 
subgroup of Jr , and f is a normal subgroup of ~/ . In each of the remaining nontri-
vial cases, to be a normal subgroup is not necessarily valid, even if G is a connected 
Lie group. 
EXAMPLE 2.1. Let G be the real vector group R", then ~ is GL(n, R) and Jr 
is the group of all (non-singular) affine transformations of R~. Let B be the closed 
unit ball centered at origin in R~, and led u be a transformation of R" which leaves 
each exterior point of B fixed and maps some segment in 1~ to an arc that is not a 
segment. Let r* be the translation in J~ by a, where ll a 11 >2. Then 
ue~P-f, r~e~n~p=~=~p=~:~P, and 
u~1r~u e ~~ -Jr . 
Therefore we see that every one of the groups ~Fn~p, ~, ~P, ~:~P, and f is not 
necessarily a normal subgroup of ~ . 
EXAMPLE 2 . 2 . Let G be a non-abelian matric group as follows 





(x,y,z) O I z 
Under the usual topology of R3, G is a 3-dimensional connected Lie group. Let u and 
v be the mappings of G onto itself defined by 
u(x,y,z)=(x+1,y,z), and 
v(x, y,z) = (O , O , l) -1(x, y ,z) (O. O , 1) = (x, x+ y, z) . 
Then u rs the nght translatron m G by (1,0,0) veg, and 
u~1vu(x , y , z) = (x ,x + y + I , z) . 
Therefore the fact that vefc~fcg, ue~, and u~1vue~p-g implies 
each of the groups f ,~, and g is not a normal subgroup of ~p ; 
the fact that vefc~/, ue~p, and u~1vuef-~ICJll'_f implies 
neither f nor ~/ is a normal subgroup of Jr ; 
and the fact that vef, ue~:~P, and u~1vue~:~P-f implies 
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f is not a normal subgroup of ~:~P . 
Next let w be the mapping of G onto itself defined by 
w(x , y , z) = (x+ y , y, -z) . 
Then both w and w~1vw belong to gr _y . Therefore we see that 
neither f nor J~ is a normal subgroup of gr . 
Closedness. From here on throughout the paper it is supposed that G is a locally 
compact To topological group and the compact-open topology is given on i~ . ~ is 
inverse-isomorphic to G , and ~P is isomorphic to G as topological groups. Both ~ and 
~p are closed in d~P , and so ~n~p is closed in e~P . It is easy to see that both ~ and 
~ are closed in c~ . f is closed in 4~p if G is (locally compact) Iocally connected or 
compact. In fact, Iet fr be the mapping u-uru~1 of c~P into itself for a fixed reE:~P, 
then fr is continuous. Hence 
f= C n f ~1 (~r)) n C n f ~1 (J~~))~1 
re~l re:~ 
is closed in 4~. Moreover it is easy to see that f is closed in ~:~ , since y =~:~Pn ~ 
and ~ is closed in 4~p . But f is not necessarily closed in ~ , even if G is a connected 
Lie group. This fact was remarked by K . Nomizu and M. Got6 C9). We can give an 
example to show it using an example of W. T. Est C4, p. 326). 
EXAMPLE 2.3. Let G* and G be matric groups as follows 
G*= {(s,t,a,~?) I s,teR; (~,pe:C}, where 
et* O (x [o o 1 
= 
 
(s,t,a,,e) O eit ~ 
G= {(s,V~s,ot,~) I seB; a,/eeEC}. 
By the usual topologies, G* and G become connected Lie groups, and G is a dense 
proper normal subgroup of G*. There exist a sequence (gj) in G, converging to an 
element g*eG*-G. Let gj and g* be 
gj = (sj , .V~sj , T, 8) , g* = (s* , t* , r, ~) . 
Let uj and u* be the mappings of G onto itself defined by 
uj(x)=gjxgjl and u*(x)=g*xg*~1 (x~G). 
Then uj~Ef , u*~E~-f , and uf converges to u* under the topology Tp of pointwise 
convergence. It is shown below that the topology fp coincides with the compact-open 
topology T~ on ~ . In fact by a theorem of D.H.Lee and T.-S.Wu C8) ~ is a Lie 
group under the topology r usually used for automorphism groups. Since G is locally 
compact and locally connected, the topology T coincides with the compact-open topology 
Tc on y . And so ~ has an equicontinuous neighborhood W 0L the identity 8 by the 
theorem of Ascoli. From the fact that rp=Tc On W, it follows that Tp=:Tc on y . 
Now using the facts already shown, it is easy to see that even if G is a connected 
Lie group, f is not necessarily closed in ~r ,f, and ~P respectively; and so ~:~2 is not 
necessarily closed in f and ~P respectively . While if G is "compact" or "locally compact 
abelian" , then ~:~2 and f are closed in e~ . 
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To be a semi-direct product or a direct product. In general, ~~~~p is not the 
semi-direct product of ~ and ~ , for we have only to consider the case where G is 
abelian. As for Jr , it is algebraically the semi-direct product of its normal subgroup 
~F and its subgroup y . Let (o be the mapping (r,u)-ru of ~ x y onto f , then a) 
is a continuous bijection if G is locally compact. If G is compact, then o) is a 
homeomorphism and so Jr is the topological semi-direct product of its closed normal 
subgroup ~ and its closed subgroup ff . Also in the case where G is the n-dimensional 
real vector group R", (o is a homeomorphism as shown in Example 2 .4 below. As for 
a~P , it is not necessarily the direct product or the semi-direct product of ~ and g, 
even if G is a connected Lie group, for both ~ and g are not necessarily normal 
subgroups of 4~p then. While 4~p is homeomorphic to the product space of ~ and gf, 
if G is locally compact. This fact is due to a remark by J. Keesling C6, Example V 
6, p. 15). In all statements above we can replace ~ by ~P . 
EXAMPLE 2.4. It is shown that co is a homeomorphism in the case where G is the 
n-dimensional real vector group Bn. Given arbitrary two positive numbers 81 and 82. 
Let V1 be the set of all translations by b=(bl'b2,""",bn) such that [ bi <:82 (i=1,2, 
""",n), and let V2 be the set of all regular linear transformations of Bn determined 
by nXn matrices a=(aij) such that I aij-8ij f<82 (i,j=1,2, ･･････ ,n) where 8ij denotes 
the Kronecker 's delta. Then V1 and V2 are open neighborhoods of 8 in ~ and ~ 
respectively. Take two positive numbers c and p such that c<81' c/p<82 . Let U be 
the open interval 
{(xl'x2,""",xl")eER" I I xi 1<a for all i=1,2,･･････,n} , 
let C be the compact interval 
{(xl'x2,""",xn)eRn I I xi I~p for all i=1,2,･･････,n} , 
~nd let 
W= {uef I u(x)-xeU for all xe:C} . 
Then it is shown that WcVIV2. In fact, express each ueW in the from u=ra, where 
let r be the translation by b=:(bl'b2, """ ,b~) , and a be the regular linear transforma-
tion determined by the matrix a = (aij) . In the condition that u(x)-x~U for all xeEC, 
considering the case where x=0, we have 
l bi l<d (i=1,2,･･････, n) . (1) 
Let j be any fixed number of 1,2,･････- ,n. Considering the case where x=(O,･･- "',O,p, 
･･････,O) (p is the j-th component), we have O, 
-(a+ bi)/p<aij-6i j<(c-bi)/p (i= I , 2 , ･ ･ ･ ･ ･ ･ , n) . 
For x=(O,･･････ ..,O) (-p is the j-th component), we have , O,-p, O, ･･･ -
-(d-bi)/p<atj-6ij<(a + bi)/p (i= I , 2 , ･ ･ ･ ･ ･ ･ , n) . 
Thus 
Max {-(a+ bi)/p, -(c-bi)/p} <aij-6ij<Min { ((T-bi)/p, ((1+ bi)/p} . 
And so 
l a"-8ij I <(f/p (i,j=1,2,･･････ n) (2) t J 
Relations (1) and (2) imply that uesVIV2. Consequently (L) Is contrnuous 
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PROPOSITION 2.5. If G is a connected Lie group, then ~/ is a Lie group and 
dim f = dim~r + dim~/< + co . 
PROOF . ~P is separable metrizable . (1) 
In fact since G is connected locally compact metrizable, G is separable. Hence (1) 
follows from a remark of J.Keesling C6, Remark 111. 4, pp. 10, 11) that if X is a 
separable metric locally compact space and Y is a separable metric space then the 
family of all continuous mappings of X into Y is separable metrizable . Therefore the 
covering dimension coincides with the inductive dimension for ~p ･ On the other hand 
D. H. Lee and T. -S. Wu C8) proved that the automorphism group of a finite-
-dimensional connected locally compact group is a Lie group under the topology usually 
used for automorphism groups , which coincides with the compact-open topology under 
further supposition of local connectedness on the base group. Therefore ~ is a Lie 
group under the compact-open topology. Let g X~f be the direct product group of 
topological groups ~ and J~r . Since ~ is inverse-isomorphic to G and ~f is a Lie 
group, considering (1), ~ X~f is a Lie group satisfying the 2nd axiom of countability. 
Thus ~r X~f is covered by a countable number of compact neighborhoods Wi (i=1,2, 
･). Let a) be the mapping (r,u)-ru of ~ X~ onto Jr =~:~/ , then co is a conti-
nuous bijection and 
f is covered by a countable number of compact sets (o(Wi)(i= I ,2, ･･････). (2) 
Since Wi is homeomorphic to (o(Wi) , 
dim Wi = dim a'(Wi). (3) 
And since ~ X~f is homogeneous, 
dim Wi = dim(~rX~f) (i=1,2,･･････) (4) 
By (2), (3), (4) , and sum theorem of dimension we have 
dim f ~ dim (~rX~f). (5) 
It is evident that 
dim (~X~)= dim (o(Wi)~ dim f. (6) 
Thus by (5) and (6) , we have 
dim f =dim(~ X~r) . 
Since J~~ and ~f are Lie groups, we have 
dim (~X~)=dim ~F + dim y. 
S 3 . Construction of a closed subgroup homeomorphic to Hilbert space . 
It is known that a locally compact metrizable topological group G which is not 
totally disconnected admits a nontrivial flow (C6j, Cor. V.5, p. 15), so that the full 
homeomorphism group ~ of G contains a subspace homeomorphic to an infinite-
-dimensional Hilbert space (C6), Th. 111. 2, p. 6). If G is a connected Lie group, 
such a subspace is not contained in /r by Proposition 2.5. It seems to us that such 
a subspace must be found in g and intersects each coset of ~/ at most one point. 
Indeed we can construct a closed subgroup of g of the character in this section in the 
case where G is a finite-dimensional connected locally compact nontrivial topological 
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group . We prepare a lemma whose proof is straightforward. 
LEMMA 3.1. Let G be a topological group, A its subset having the property (P) 
(see Definition I .2), and B a subset of G which contains the identity e of G. Let 
U=AB. Suppose that U is locally compact and each xeU can be written in the form 
x=ab(a~A, beB) uniquely and continuously. Moreover let ~~ be a group of homeomor-
phisms of A onto itself, and for each f e~~ let f* be the mapping of U onto itself such 
that j*(x)=f(a)'b (x=abeU,a~A,beEB). Let ~~* be the set of all f* associated with 
t e~~ as above, and (o be the associating mapping. Then ~~ and ~~* with compact-open 
topologies are topological transformation groups of A and U respectively , and isomorphic 
as topological groups by the mapping (o. And each f eE~~ is the restriction of f* on A . 
Moreover we will use the following two structure theorems. 
THEOREM OF K. IWASAWA (C5), Th. 13, p. 549 ; C11), Th. 5, p. 364). A 
connected locally compact group G has maximal compact subgroups, and all such subgro-
ups are connected and are conjugate to each other. Let K denote one of them. Then G 
H* all isomorphic to the 1-dimensional vector group contains subgroups H1'H2,""", 
and such that any element geG can be decomposed uniquely and continuously in the 
form 
g=khlh2"""h*,where keK, hieHi. 
In particuJar, the space of G is the product of the compact space of K and that of 
X H*, which is homeomorphic to the s-dimensional Euclidean space. HIXH2X""" 
In connection with the compact subgroup K in this theorem we will use the 
f ollowing 
THEOREM OF J.VON NEUMANN (CIO), p. 335). Let K be a compact group of 
finite dimension r. Then K contains a local Lie subgroup L homeomorphic to an r-dime-
nsional open cube , and a O-dimensional compact normal subgroup Z such that i) LZ is 
an open neighborhood of the identity in K, and ii) every element k eLZ can be decom-
posed uniquely and continuously in the form 
k=1z, where leL, zeZ. 
We can take a subset B of L, homeomorphic to an r-dimensional closed cube and 
the center of the cube corresponds to the identity by the homeomorphism. Let U=BZ. 
Hereafter we will use these notations and those in the above two theorems, and let G 
be a finite-dimensional connected locally compact nontrivial topological group throug-
hout the rest of this section. Then either r or s in the above theorems must be 
positive . We consider first the case where r is positive . 
10. Let B* be the closed unit ball in Cartesian r-space, ~~ be the homeomorphism 
group of B* constructed as in Lemma I . I and ~0 be the homeomorphism group of B 
naturally induced from ~~ by a certain homeomorphism of B* onto B. 
20. For each uoe~0 Iet ul be the mapping of U onto itself defined as follows 
ul(x)=uo(b)･z, where x=bz~U, beB, and zeZ. 
Let ~1 be the set of all ul associated with uoe~~0. Each ule~1 Ieaves every boundary 
point of U in K fixed. In fact, Iet Bo be the interior of B in L, then for any xeU-
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BoZ such that x=bz (beB, z~EZ), we have be~-Bo. And so ul(x)=uo(b)'z=bz=x, 
i.e. ul leaves every point of U-BOZ fixed. Since BoZc Cthe interior of U in K), ul 
leaves every boundary point of U in K. 
30. For each ule~1, Iet u2 be the mapping of K onto itself defined as follows 
u2(x)=ul(x) if xeEU and u2(x)=x if xe:K-U. 
Let ~2 be the set of all u2 associated with ule~~1. 
40. Let H=HIH2"""Hs' H is homeomorphic to s-dimensional Euclideari space, 
though it is not necessarily a subgroup of G. For each u2eE~2, Iet u be the mapping 
of G onto itself defined as follows : 
u(x)=u2(k)･h, where x=kheEG, keK, and heEH. 
Let ~ be the set of all u associated with u2eE~2. 
By Lemmas I . I , I . 3 and 3.1 the set ~ thus constructed becomes a topological 
transformation group acting on G under the compact-open topology , isomorphic to the 
group ~P+(1) of all orientation preserving homeomorphisms of the closed interval C0,1) 
onto itself, and each ueE~ Ieaves the identity e of G fixed. Hence ~ is a subgroup of 
gr , homeomorphic to 12 . 
Next to prove ~ n ~ = {8} , we prepare the following 
LEMMA 3.2. Let G be a connected topological group. If u is an automorphism of G 
which is somewhere the identity, that is u V=identity for some nonempty open subset V 
of G, then u is the identity mapping of G. 
PROOF. Take a point xoeEV and then take a neighborhood Vl of e in G such that 
VlxoCV. For any point x of V1' we have 
xx0=u(xxo) = u(x)'xo, and so u(x) = x. 
Hence u leaves every point of V1 fixed. Therefore u leaves every point of G fixed, 
since G is a connected topological group. 
Now let u be any element of ~ n ~r . Since u leaves each point of the nonempty 
open subset (K-U)H of G fixed, u must be the identity mapping 8 of G by Lemma 
3.2. Therefore ~ n ~ = {8} . Hence ~ intersects each coset of y at most one point. 
Secondary we can treat the case where s is positive as well. Let B/ be a neighbor-
hood of e in H which is homeomorphic to an s-dimensional closed cube, and ~0 be 
the homeomorphism group of B/ constructed similarly to the first step lo in the case 
where r is positive. For each uoeE~0, Iet ul be the mapping defined as follows : 
ul(x)=uo(x) if xeB/ , and ul(x)=x if xeH-B/ . 
Let ~1 be the set of all ul associated with uoe~0. For each uleE~1, Iet u be the 
mapping defined as follows : 
u(x)=k.ul(h),where x=kheG, kEK, and hEH. 
Let ~ be the set of all u associated with ule~1. Then ~ is a subgroup of gr isomor-
phic to ~p+(1) , and intersects each coset of y at most one point. 
Now we can show that the group ~ is closed in gr in the case where r or s is 
positive . 
We consider the case where r is posititive. Let 7::K be the natural projection of G 
onto K, 7rB be the projection of U onto B, and Tc be the projection x- Il x ll of B onto 
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I, where the norm ll li is the one naturally induced from that of the closed unit ball 
~* in Cartesian r-space. Let a net (ui) in ~ converges to a ve~~~, and let each ul be 
defined by f; u; ui and ul (f2e~p'(1), u~e~i) successively by the way of the four 
' o' i' 2 * steps l0_40 stated before. Then 
fi7r=rru: on B, uo 7rB= 7rBu: on U, u: I U=u:, and u:7rK=7rKu~ on G. 
By the similar method as in the proof of Theorem I . 5 , we have successively 
(1) u2-7TKv J K in ~p(K;K), 
(2) ul-rcKv I U in ~P(U;U), 
(3) uo~7tBTcKv I B in ~(B;B), 
(4) f~-1T7rB7zKv I I in ~P(1;1). 
Define the mapping j * of I into itself as follows 
f*(t)=7rITB7tKv(t) (te:1). 
T1len the mapping f* is an orientation preserving homeomorphism of I onto itself. 
ul*, u2*, and u* by way of the four Starting from f*~E~P'(1) , define mappings uo* 
steps l0_40 stated above. Then by (1), (2), (3), and (4) we have the following 
relations successively 
uo*=~B7rh:v I B, ul*= Trl"v I U, u2*=7rxv I K, u*=v. 
Therefore v is an element of ~ ･ This shows that ~ is closed in ~P , and so in g also. 
We can treat the case where s is positive as well more simply. 
From the results obtained we have the following 
THEOREM 3 . 3 If G is a finite-dimensional connected locally compact nontrivial 
topological group, then there exists a closed subgroup ~ of g , which intersects each left 
(or right) coset of ~f at most one point and is isomorphic to ~P+(1). 
COROLLARY 3 . 4 If G is a finite-dimensional connected locally compact nontrivial 
group, then the full homeomorphism group d~P Of G is not locally compact, not closed in 
the space ~ (G) of all continuous mappings of G into itself, not complete with respect to 
the uniformity of compact convergence defined by the right unlformity of G. 
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